We obtain an analytical expression for the Hall conductivity in AAA-stacked trilayer graphene (TLG) within the linear response Kubo formalism. Interestingly, we find that the quantization of the Hall conductivity is severely dependent on the value of the chemical potential and the magnetic field. The origin of this unusual quantization, attributed to the Landau level spectrum of AAA-stacked TLG, is explained in detail. We show that is a characteristic of the multilayer graphene structures with AA stacking order.
Introduction
Graphene, an isolated layer of graphite, due its chiral low-energy spectrum dominated by a massless Dirac-like equation, shows many intriguing properties [1, 2] . Further, properties of multilayer graphene materials, as have been found in the recent researches [3, 4, 5, 6, 7, 8, 9, 10, 11] , are dependent on their stacking order and the number of layers. The most of these studies have been devoted to the multilayer graphene structures with Bernal (ABA) and rhombohedral (ABC) stacking order. Ab initio density functional theory calculations [12, 13] , and also STM and TEM imaging [14, 15] of multilayer graphene show that a new stable stacking order of fewlayer graphene (with AA stacking order) is also possible. In multilayer graphene structures with AA stacking order, each sublattice in the upper layers is located directly above the same one in the lower layers. Consequently, AA-stacked multilayer graphene structures have special low energy band structures which are composed of electron-doped, hole-doped and even undoped SLG-like band structures [16, 17] . For some properties, these SLG-like bands behave like decoupled bands leading to many attractive properties which are different form that of SLG and also have not been observed in the other graphene-based materials [18, 19, 20, 21, 22] .
Integer quantum Hall effect is one of the most intriguing properties of two dimensional electron gas systems in which the non-diagonal (Hall) conductivity in a strong magnetic field is quantized in integer multiple of e 2 /h [23] . This effect has been observed in graphene with a different quantization, originating from its chiral massless Dirac-like spectrum [25, 24] . Furthermore, recently several groups have studied the integer quantum Hall effect in multilayer graphene with different stacking order [26, 27, 28, 29, 30, 31] . These studies revealed that the quantization of the Hall conductivity in these materials not only are dependent on the number of layers and the stacking order but also have unusual futures which have not been observed in graphene. Motivated by these facts, we study integer quantum Hall effect in AAA-stacked TLG, with some generalization to multilayer graphene structures with AA stacking order. We also comment on one of the main results of Ref. [31] in which authors have investigated integer quantum Hall effect in AA-stacked bilayer graphene.
The rest of this paper is organized as follows. In the section II, first we introduce the tightbinding Hamiltonian describing the low energy quasiparticle excitation in AAA-stacked TLG.
Then we obtain the Landau levels spectrum and the wavefunctions of the AAA-stacked TLG.
In the next subsection, using Kubo formula, we obtain an analytical expression for the Hall conductivity in AAA-stacked TLG. In the section III, we investigate the chemical potential and the magnetic filed dependence of the Hall conductivity, and determine its quantization.
Finally, we end our paper by summary and conclusions in the section IV.
Model and Formalism
In this section first we introduce the Hamiltonian of AAA-stacked TLG inexposed to a magnetic field applied perpendicular to its planes. Then we calculate the corresponding eigenvalues and eigenfunction. In the next subsection we obtain an analytical expression for the Hall conductivity of AAA-stacked TLG within the linear response Kubo formalism.
Hamiltonian, Landau levels spectrum and Wavefunctions
In an AAA-stacked TLG lattice which is composed of three SLG, each sublattice in the upper layers is located directly above the same one in the lower layers. The unit cell of an AAA-stacked TLG consists of 6 inequivalent Carbon atoms, two atoms for every layer. AAA-stacked TLG, similar to SLG, has a two dimensional hexagonal Brilloin zone and its low-energy excitations occur near Dirac points (K and K ′ ). Its low-energy Hamiltonian is given by [32] 
where t ⊥ is the inter-layer nearest neighbor hopping energy,0 and1 are zero and unit 2 × 2 matrices, andĤ SL is the low-energy Hamiltonian of SLG given by [1] 
where upper(lower) sign denotes K(K ′ ) valley and v F = 3ta/2h with t being the intra-layer hopping energy and a the intra-layer carbon-carbon distance. In the presence of a magnetic field, the Hamiltonian is obtained by Peierls substitution, p → p + eA where A is the vector potential and −e is the charge of an electron. We use the Landau gauge A = (0, Bx, 0) for a constant magnetic field B = (0, 0, B) applied perpendicular to the AAA-stacked TLG plane.
We use a unitary transformation[32]
where0 and1 are zero and unit 2 × 2 matrices, to block-diagonalize the obtained Hamiltonian.
Then one can easily obtain the corresponding eigenvalues
where λ = +, −, ν = +, 0, −, and ω c = v F 2eB/h. Obviously, the Landau levels of AAAstacked TLG are three copies of the Landau levels of SLG, two off them are shifted up and down by √ 2t ⊥ with respect to zero energy. The corresponding eigenfunctions arê
for ν = +, ν = 0, and ν = −, respectively, in whicĥ
where a n = (1 − δ n,0 )/2, b n = (1 + δ n,0 )/2 with δ being the Kronecker delta function,
Moreover, L y is the length of the AAA-stacked TLG along the y direction and ϕ n (x) = e −x 2 /2 H n (x)/ 2 n n! √ πl B are the harmonic oscillator functions. One can obtain the wavefunctions for the K ′ valley from Eq. 6 by interchanging a n ϕ n−1 (x) and b n ϕ n (x), and the corresponding eigenvalues from Eq. 4 with replacing λ by −λ. In the above calculation we supposed B > 0, namely the magnetic field is in the z direction. It is easy to show that for B < 0 the eigenvalues and eigenfunctions for each Dirac point is equal to those of other Dirac point for B > 0. In the next subsection we utilize these results to obtain a general analytical expression for the Hall conductivity in AAA-stacked TLG.
Hall conductivity
In this paper we interest in the Hall conductivity in the linear response regime. Using the Kubo formula, the Hall conductivity can be written as [33, 34] 
where g s = 2 and g v = 2 are due to two fold spin and valley degeneracy, f ( 
and
and, taking the integral over k y , we have
This expression can be further simplification to arrive at
It is obvious that σ xy of the AAA-stacked TLG can be written in terms σ xy of SLG as
namely the Hall conductivity of the AAA-stacked of TLG is three copies of that of SLG, but
with ǫ ± n = ±hω c √ n being the Landau levels of SLG [25, 34] .
As shown in Ref. [25] , and as it is clear from Eq. 13, the Hall conductivity of SLG is a odd function of the chemical potential, σ SLG xy (−µ) = −σ SLG xy (µ). We can write the Hall conductivity
So, we arrive at the same result, σ xy (−µ) = −σ xy (µ), for σ xy of the AAA-stacked TLG.
At zero temperature the Hall conductivity of SLG can be written as σ SLG
where n is the index number of the last occupied (first empty) Landau level for µ > 0(µ < 0), and it is equal to the integer part of µ 2 2h|eB|v 2 F [25] . Using this result we arrive at
for the Hall conductivity of the AAA-stacked TLG at zero temperature, where n, n ′ and n ′′ are the index number of the last occupied (first empty) Landau level of the corresponding set of the Landau levels, which can be written as
where [x] is equal to the integer part of x.
Results and Discussion
In this section, utilizing the expression obtained in the previous section, we investigate µ and 1/B dependence of the Hall conductivity in AAA-stacked TLG. In our calculation we use t = 3 eV , t ⊥ = 0.2 eV and 0.142 nm values for the intra-, inter-layer hopping energies and interalayer carbon bound length, respectively, and restrict our investigation to zero temperature. to an unusual quantization for the Hall conductivity. We show that this is a characteristic of multi-layer graphene structures with AA-stacking order, and this can also be observed in the AA-stacked BLG, although it is not mentioned in Ref. [31] .
The first point could be explained as follows. We know that σ xy of AAA-stacked TLG 
To explain the second point, first we focus on the Hall conductivity in SLG, and review the origin of the usual 4e 2 h -steps change in the curve of σ SLG xy ( 1 B ). Imagine an electron-doped graphene sheet in a vertical magnetic field. As the magnetic field increases gradually the energy distance between the adjacent Landau levels decreases and they pass through the Fermi energy one by one, and become filled, leading to e 2 h -steps increase in the Hall conductivity. Further, due to the spin and valley degeneracy, this effect takes place for both spin indices at both valleys simultaneously. Consequently, the Hall conductivity of SLG exhibits 4e 2 h -steps at some 1 B = 0. For the AAA-stacked TLG, whose Landau levels are composed of three copies of SLG Landau levels, this condition can be fulfilled for two or three Landau levels from different sets of Landau levels at special values of the chemical potential and the magnetic field simultaneously.
Namely, when the magnetic field increases gradually two or three Landau levels from different sets of Landau levels, at special values of the magnetic field, pass through the Fermi energy simultaneously. Consequently, the Hall conductivity of AAA-stacked TLG exhibits 8e 2 h or 12e 2 hsteps change at 1 B = 0, and so some of the plateau don't appear in the curves of σ xy ( 1 B ) of the AA-stacked TLG. To be more accurate, these effects are observed when ǫ +,ν n = ǫ +,ν ′ n ′ = µ condition is satisfied for two of or all ν indices. Using this condition, we arrive at a general expression as
for chemical potentials, at which 8e 2 h -steps ( 12e 2 h -steps) appear in the curves of σ xy ( 1 B ) at especial values of the inverse magnetic field, when the condition of Eq. 16 is fulfilled for two of ν (all ν). For example, for the green curve of Fig. 1 which exhibits 8e 2 h -steps the chemical potential is Furthermore, as mentioned above, when the condition of Eq. 16 is satisfied for all ν indices simultaneously, the Hall conductivity exhibits 12e 2 h -steps at some 1 B = 0. For example see the purple curve of the Fig. 1 , in which µ = 2 √ 2t ⊥ ≈ 0.566 eV . For µ = 2 √ 2t ⊥ the condition of Eq. 16 is fulfilled for all ν at Landau levels with (n, n ′ , n ′′ ) indices such as = (1, 4, 9) , (2, 8, 18) , (3, 12, 27) and ... . The periodicity of the 12e 2 h -steps and the absence of some plateau also takes place in this case. To explore the origin of the unusual 1/B of the Hall conductivity of AAA-stacked TLG (the third point) in more detail, we have presented the plots of σ xy and its components (σ + xy , σ 0 xy and σ − xy ), as funtions of the inverse magnetc field for different values of the chemical potential in 14 can't be simplified any further to arrive at an universal quantization for the Hall conductivity which is valid for the 0 < µ < t ⊥ interval. It is evident that this unusual quantization can also be observed in other multi-layer graphene with AA stacking order whose Landau level spectrum at small chemical potential are composed of both electron-doped and hole-doped Landau levels. Figure 3 shows this effect in the AA-stacked bilayer graphene. One can see that, in contrast to what has been reported in Ref. [31] , the σ xy = ± 4e 2 h n quantization is not valid for 0 < µ < t ⊥ range entirely.
Summary and conclusions
In summary, we studied the integer quantum Hall effect in AAA-stacked TLG in the linear response regime. First we obtained the Landau level spectrum and the wavefunctions of AAA-stacked TLG. We found that the Landau level spectrum of AAA-stacked TLG are three copies of the Landau levels of SLG, two off them are shifted up and down by √ 2t ⊥ with respect to zero energy, where t ⊥ is intra-layer hopping energy. Then, using the Kubo formula we obtained an analytical expression for the Hall conductivity of AAA-stacked TLG. In the next section, utilizing this expression, we investigated the dependence of the Hall conductivity on the chemical potential and magnetic field at zero temperature. Interestingly, we found that quantization of the Hall conductivity of AAA-stacked TLG is severely dependent on the chemical potentials and the magnetic field. In particular, we showed that for µ > √ 2t ⊥ the Hall conductivity is quantized as σ xy (1/B) = ± 4e 2 h (m + 3 2 ) where m = 0, 1, 2, ..., provided
2t ⊥ with n ′ > n = 1, 2, 3, ..., µ is the chemical potential.
2t ⊥ the Hall conductivity lacks some plateaus and at the same time exhibits, in addition to usual 4e 2 h -steps, some 8e 2 h -steps and 12e 2 h -steps which repeat periodically. The origin of these effects, attributed to the special Landau level spectrum of the AAA-stacked TLG, was explained. As another notable result, we found that for µ < √ 2t ⊥ the Hall conductivity of the AAA-stacked TLG shows an unusual 1/B dependence and don't obey a universal quantization condition which is valid for 0 < µ < √ 2t ⊥ range entirely. The competition between the electron-and hole-doped Landau levels ofin the spectrum of the AAA-stacked TLG at small chemical potentials, which tend to change the Hall conductivity appositively, is attributed to be the origin of this effect. Finally, we showed that this is a characteristic of the multilayer graphene structures with AA stacking order whose Landau-levels spectrum at small chemical potentials are composed of both electron-doped and hole-doped Landau levels. 
